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Abstract

Observation is made of the difficulties and processes which future teachers of mathematics
encounter in the congtruction of some conecepts in geometry during training. In this research,
special attention is paid to the vocabulary the trainees employ and to the material instruments
they sdect in order to construct aids for teaching mathematics in Stuations where the body,
as well as thought, is active and where the senses have been activated in order to find out
results about space.

| ntroduction

"A great advantage of geometry is precisaly the fact that the senses can assg the intelligence
and aid identification of the direction to take."

"An immobile being would never have been adle to acquire the notion of space Since, being
unable to correct the effects of changes of externd objects through its movements, it would
have had no reason to distinguish them from changes in state"

In agreement with these two statements made by Henri Poincaré, we consider important to
investigate how knowledge in geometry is built, what obstacles and what difficulties need to
be dedt with when the senses are involved, when there is an gpped to intuition and when
manual dexterity, movement and Sght are involved in order to improve our knowledge of
space and concepts in geometry. Research of this kind is possible in teaching Stuations in
which the teacher foresees activities of such atype.

Moreover, we consider that perception is essentialy multi-sensorid: the brain conditioned by
the action selects and integrates a plurdity of sensations. Therefore, in order for the brain to be
able to sdect and integrate, it is necessary that it has a its disposa a multiplicity of
phenomena and direct experiences. One needs to be able to make reference to and draw on
actuad experiences, not only imagination, in order to be able to construct concepts and
establish rdaionships. This is the centrd thess of the book by Berthoz (1997) entitled "Le
sens du mouvement”. "Therefore our sense of goace, and | would add, the emergence of a
mathematical concept of oace, is far from being a question of the brain done, but lies rather
in the relationship between body and brain: the body too, from the vestibular system to the
muscles of the eyes and arms and to the skin, participates in the representation of space and of
movement and contributes to the constitution of the memory of them with its specific systems
of reference." (Longo, 1997)

In relation to this we deem it opportune that concrete objects are dso present in teacher
training in geometry and that the future teacher must learn to plan and congtruct these, in order
to be ale as a teacher to use them as mediators in his or her actua teaching. The history of
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science is without doubt one of the sources to be drawn on in order to find pertinent concrete
objects.

From a didactical point of view, this work adso helps to ded with and question some "fdse
ideas’ and convictions held by students regarding mathematics (Furinghetti, 2002). These
include:

- mathematicsis asolitary activity made up of individuadsinisolation

- dudents who have understood the mathematics studied will be able to solve a problem
presented to them in five minute or less

- mathematics requireslogic, not intuition
- mathematicsis not cregtive

- mathematics is not a socia process, that is to say one constructed thanks to the comparison
of idess

- problems have only one solution and only one process for resolving them.
The observed context

The observed context is made up of a Laboraory Stuaion on a Didactic of Mathematics
course in the teacher’s formation. The sudents have a degree in stientific subjects and are
doing aspecidization course in order to teach science and mathematics a middle-school leve
(11-14 years).

On the course they worked on some mathematicad subjects on the one hand, topics like
examples of didactic transpodtion and, on the other, aspects like more accurate
epistemological reflection at adult level.

Thetime availablefor thiswork is5 meetings of 4 hours each.

The didactic contract is explidt: teachers and sudents have dready got to know each other
during the lecture course and it is clear that in the Laboratory, dedicated to the preparation of a
didactical project it is expected that each student will have to collect or produce concrete
ingruments, and ingtruments for reflection which will be useful for planning the teaching
activities in dass. It is dso rendered explicit that during this work continuous reflection on
what one is doing and thinking is expected: such avareness is favored by the requirement of
keeping a ‘logbook’ in which to note on€'s story as an adult, difficulties met, discoveries
made and eements of mathematics which have become clear during the work.

The sudents work in amdl groups: cooperaion and exchange between peers are fundamentd dementsin this
typeof training.
In order to work effectively the “hands need thought” and “thought requires the hands’ to

sudtain it and not only the hands: the eyes, the memory of an effort, the movement of one's
body in space and the brain are activated together.

The didactical projects are linked to the “fields of experience’ encountered by the sudents
during the Didactic of Mathematics course and from which everyone has made a sdlection.
This period is therefore largdly taken up with the actud design and condruction of ads,
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objects and models. such constructions sometimes present themsalves as problem-solving
Stuations in which gpparently very smple subjects are dedlt with, but these turn out to be full
of implicit and hidden characteristics.

Concrete materiasfor the teaching of mathematics

Along with Bartolini Buss (2001) we recognize that "artifacts are structured materids to be
used in teaching, the very indruments of a sector of activity, but can dso for example be
ancient tools or at least instruments from the past” or ones eaborated in other cultura settings.

On the other hand “the trangparency of any technology dways exists with respect to some
purpose and is intricately tied to the culturd practice and socid organization within which the
technology is meant to function: it cannot be viewed as a feature of the artifect in itsdf but as
something that is achieved through specific forms of participation, in which technology fulfils
a mediding function.” (Mera, 1995). Or, in other words, it is in the socid practices, in the
particular and actua conditions in which an instrument is used, concelved and constructed,
that this offers its potential: these are not intringc and a priori, and neither are they dways
explicit and expected.

"This creates a problem for teaching” continues Bartolini Buss: “how can ateacher plan and
run an effective activity when this diminates opacity of representation from the artifacts? In
other words, how can the teacher guide dl the pupils to carrying out reasoning, which is
supported by the physical use of the instrument, while, & the same time, maintaining a
distance from it and thus gaining the freedom of mental experiments? A response to thisisto
be sought in the epistemologicd, cognitive and didactical anadysis of the cultural practices and
socid interactions either congructed or which it is possible to build in the classroom.”

On the other hand, the way in which concrete materids are used and in which it is decided to
use them is congtantly related to the persond phenomenologica experience. They condtitute
processes and are, as such, open to modification and supplement. We encourage taking into
consgderaion the flexibility of dl ingtruments, listening to and observing the interaction
(teacher-teacher trainee) during which discusson of redesigning tekes place. According to
Rabardd (1995) for example, there are a least two possible interpretations for each technica
instrument: on the one hand it was built according to specific knowledge which assures the
achievement of certain objectives (here we refer to cultural artifact) and on the other it is
used by the individua according to patterns of utilization of an individua nature (here we
refer to instrument).

During the Laboratory sessions, the teacher’s intervention promotes and supports, through
didogue and bibliographica recommendations, the epistemological andlysis of the artefacts,
the cognitive analys's of the use of the instruments and the didactical andysis of the activities
linked with them.

Some examples

Three artifacts are presented in what follows:

- an atifact from the history of Mathematics the example of Leon Battista Alberti’s
“diffinitor”, described in hisbook “ De statua” (about 1430);
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- an atifact designed in a particular context (precisdy the teaching of Astronomy) and opento
being redesigned and adapted to new Situations;

- an object from the teaching of Mathematicsitself, designed to visudise a construction of the
dlipse
A) Leon Battista Alberti’ s “ diffinitor”

The "diffinitor" isan artifact described by Leon Battista Alberti in hiswork "De statua’ which
Is useful for identifying a point in space using 3 coordinates (one angular and 2 linear).
Anyonewho wishesto construct it starting from adrawing (fig 1) immediately runsinto some
problems, some of them practicd, and some cothers linked to the relationship between the
observed or read image and the mental image made of that object. Only the picture of fig 1
was presented to the sudents: so students have to choose and to buy the materiads to use to
build their instruments.

In the logbook which follows, it is possible to read about how learning led to a modification
of behavior. One can dso see that this modification occurred because the meaning given to
one's direct experience has been modified. From a logbook, course in the Didactic of
Mathematics:

"..even the teacher learns by doing.. or: the dory of the condruction of L. B. Alberti’s
“ diffinitor” ”

..."the need and desire to reproduce one of the ingruments mentioned, in particular L. B.
Alberti’s “ diffinitor” , semmed from having thought of using anthropometric measurements
as the subject of my didactical project and about the research by various artiss regarding the
proportions of the body. | must say that the course reading did not enable me to understand
how such an instrument wor ked and when the professor told usto create one, | objected that |
"had not understood how it works and so | cannot create one..” In reality | was being asked
to put into practice what we go around repeating "learn by doing..." Hence together with my
group | went off in search of materials. We needed cardboard, scissors, glue, adhesive tape,
paper fasteners, string and lead.

We had to create an insrument composed of a graduated circumference, a graduated rod
and a plumb line, that too graduated. Thisinstrument served L. B. Alberti to find the position
of a paint in three-dimensional space: he in fact, having a modd in front of him, established
the plastic position of the modd by finding 3 coordinates in space, an angular dimension and
2 linear dimensions, and then transferring them on to the statue.

The firgt difficulty was to find the good materials, in particular the sring and the lead: we
adapted by taking a ball of gring for parces and some die. The prototype conceived was
made completdy from cardboard, both the circumference (the disc) for which we used a
paper plate, and the rod.. The second difficulty was to find the center of the disc and to
graduate the drcunference. We marked only the following fundamental angles on this. 0°,
30°, 45°, 60°, 90°, 180°, 270° and 360°. However, on taking the first measurements we
realized that these angles were not sufficient. WWe overcame this problem through a photocopy
of a goniometer glued on to the cardboard disc. The third difficulty came during the execution

N. Lanciano 4



Thematic Group 7 EUROPEAN RESEARCH IN MATHEMATICS EDUCATION IlI

of therod and above all in understanding how we would insert the plumb line. For the plumb
line, the most difficult thing was to graduate it: we therefore decided that we could establish
the point on the plumb line and for the reading we would compare the length of the dring
with the meter marked on the graduated rod. We started to take measurements: it was only on
the second day that we wer e able to work out the use of the “ diffinitor” .

..The" diffinitor”_isprepared... first considerations:

a) It is true, by working on it, that it is possible to work out how it functions; the first
measurements were not exact: the “ diffinitor” servesfor finding a point in space and not just
any measurements.

b) ...c) L. B. Alberti (XV cen.) introduced this manner of finding points in gpace and in doing
soislike the Cartesan method of the 3 coordinates in space (%, y and 2) (XV1I cen. ).

d) Lastly, but most importantly, in building the instrument we worked just like our pupils and
we fully realized that while we were working we coordinated the manual activity by using
both our thought and our eyes.

Why introduce the pupils to such an instrument:

1) To make them aware of the fact that the body has always been the subject of measurement
right fromthe earliest times, and of how artissswork in order to create sculptures.

2) To use an ancient artifact, one used by an artist in the 1400s.

3) By using such an instrument, and even more so when constructing the instrument itself,
they coordinate their manual activities both with thought and with their eyes.

4) To use a different object for measuring, and hence a different way of measuring.

Fig. 1 Fig.2
Fig 1 the “diffinitor” in the book “De Statua”

Fig 2 amodel of a*“diffinitor” created by a student
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Moreover, it is through constructing that the conceptud aspects emerge: in this case in
particular, reflection leads to the need to have 3 coordinates in order to identify a point in
gpace and to how these may not dl be linear in type. In the meantime the more typicaly
didactica aspects dso emerge: for example if the long rod of the “diffinitor”, that on which
the digance of a point from the center of the head can be read, is postioned under the
graduated circle (fig 2). Indeed, in this pogition, its first part remains hidden and hence the
numeration from O to r, where r is the radius of the dircle, cannot be seen. This factor may
seem inessentia but is instead a delicate one from a teaching point of view because it is not
aways obvious to pupils where they should sart from on a ruler when counting. In short, an
instrument for teaching purposes is one thing and constructing one for practica use is quite
another. It is possble to get around this, for example by marking the centimeters on the back
of theinstrument too.

B) Thethree-legged compass

Usudly a compass is made up of 2 needles hinged together. In our experiment, the
requirement is to construct a large compass with 3 long needles about 1 meter long (fig 3).
The origin of this instrument is to be found in Astronomy, where 3 directions are needed to
indicate the 3 points on the horizon where the sun rises or sets on the days of the Solstices and
the Equinoxes, during one year. It can serve to 9ght and record angles in meso space
(Bethdot & Sdin, 1992; Lanciano, 1996): we can observe the angular distance between 3
different points and compare pars of angles between them.

The indrument is presented to the sudents only in gpoken form, only in words. It is in wood,
big and solid enough to be used in the open meso and macro space.

However, an andysis of the use reveds some difficulties. Imagine that we sght 3 objects a
different linear distances from the observer, for example a nearby tree, the dome of a church
at 500 meters and ahill 2 km away, but a an angular distance whichisequa in al cases. The
guestion is to know whether the respective angles are percelved as equd or as different? To
what extent does the amount of space interfere with the measurement of the angle in
consideration? What knowledge of the angle does this instrument (which in terms of its Sze,
IS gppropriate for use in an outdoor space) mobilize?

As far as the congtruction of the instrument is concerned, other problems arise How is it
possible to join 2 or 3 wooden legs and a goniometer dl together, thus dl joined to form the
big compass? Can we screw the goniometer to the legs & a point other than where we have
aready screwed these legs together? Would this gill dlow the legs to rotate fredy? For one
point (the first screw) an infinite number of sraight lines pass through but for 2 points only a
single one would pass through, and, hence, it would no longer be possible to open the
compass. During reflection on the instrument the screws have become "points "and the legs
"draight lines'. During the design it is necessary to carry out amental experiment and hence it
is not merely a question of manipulating an object.
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The big compass to be used in meso space and dso in order to look far away onthe horizonin
macro gpace, can be useful for avoiding certain typica erors in the comparison between
angles which has to do with the length of the Sdes. In this case the Sdes are in fact dl very
long and different from each other: the digance between the observer and a dome or a
terrace. ..

Examples of errorsin construction can be seenin figure 4 and 5. In one case, the center of the
goniometer does not coincide with the vertex of the angles indicated by the legs. In the other
case, the linestraced on the rods are not pardld with the edges of these. Once again the vertex
of the angles measured using the goniometer is different from the point in which the legs are
screwed together: an inaccuracy in tracing the line is reflected in an error of the instrument.
These may gopear to be the erors of a child, and yet, they were observed with adults. The
interaction between peersin the workgroups provided the necessary help for favoring not only
correction, but aso a deeper reflection on the instrument itself and on the meanings of the
geometric concepts involved. The mediation of the instrument, and in this case of a system of
gestures, leads, among other things, to work on the relativity of points of view and on the
problems of visud paralax.

From alogbook (the text of the logbook is written in italics, whereas the comments on it are
not; A and B designate the texts of the two students):

Material required: A) 3 wooden gticks (length between 60 and 100 cm, breadth between 3
and 5 am, thickness 0.5 and 1 am) B) 3 90 cm wooden gicks, the other 2 dimensions are not
sated; ...Execution: 1) trace the linethat dividesthe stick (all 3 of them) in half with a felt-tip
pen (Thereis no mention to the fact that such aline must be pardld to the edges of the stick);
2) make a hole in the gticks with the drill; it should be assured that the hole is about 2 cm
from the end of the stick and aong the line drawn (as indicated in the figure!);3) use the
screw to tie the 3 sticks together, without however tightening the screw too much because the
gticks must be able to rotate around each ather (it has to work like a fan); 4) dick the
photocopy of the goniometer on to the card with glue: the center of the goniometer must be 2
cm from the edge of the card; 5) fix the goniometer to the compass in such a way that it
appears most adapted to its compass. puncture the card and attach it to the screw; glueit to
one of the 3 dicks, (Here the student should dso have mentioned the fact that the center of
the angles marked on the goniometer must coincide with the point where the screw is). When
moving the 3 gticks must indicate the angles on the goniometer. (The 3 centrd lines are the
oneswhich must be considered).

Use: A) point the middle stick at a reference. Moving the other 2 sticks so as to
delineate (delineate is not an exact term) the angle desired (it is not clear on what
basis this is done). Read the size of the angle on the goniometer (with 3 sticks 2
angles are formed and not just one). B) point the central stick at a given point; open
the other 2 sticks and point them at the 2 references. The measurements of the 2
angles formed can be read directly
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c \

Fig 3 the three-legged compass. a successful construction
Fig 4 an error: the central lines are not well centered on the three needles

Fig 5 an error: the three needles are not well connected

The andysis of different logbooks reveds the need to try to get the trainers to reflect more
about the possble difficultieslinked, for example, with the concept of angle.

C) The congruction of the dlipse with the isoperimetric triangles with equal bases

To obtan an dlipse with the isoperimetric triangles made of colored card (Bara,
Castdnuovo, 2000) it is necessary to fix the perimeter of the triangles and then sdect an
gppropriate base and trace pairs of Sdes in such away that their sum is congtant. The Strategy
of usng 2 rules empiricaly darting from the ends of the base and randomly seeking an
gopropriate inclination for the Sdes, proves to be a rather ineffective one: this randomness
produces inaccurate results. Anyone who adopts such a drategy dso demondrates that they
do not know how to use a compass, even when this is suggested. In short, the function of a
compass is to trace the locus of points equidistant from a given point but to do so requires
active hands, hands that try things out and “heads that think”: or rather everything tha
mobilizes that thinking with one's hands too that is indispensable for carrying out a
“didecticd transposition "of knowledge. The compass is not the only instrument which can
assg the drawing of the triangles requested: some string and 2 nalls can adso be used,
employing the so-cdled "gardener’s method”. The suggestion of using the compass, or the
short rope, in this case creates a new Stuation in teacher-pupil interaction, one which is the
richer and more capable of involving different meanings, the more profound and accurate the
exploraion of the instrument and of the knowledge incorporated in it is, and the more
therefore a Stuation of semiotic mediation is created. The problem can dso be solved with a
wooden dtick for each triangle, the stick being as long as the perimeter and opportunely cut
into 3 parts. there are thus multiple solutions for theinitia problem and these induce reflection
on how in doing geometry one refers to some particularly smple, and as a consegquence
preferred, forms which are recognized implicitly without the need of an andyss, in this case
triangles, and without resort to a definition. These forms possess certain properties which are
easy to manipulate, for example in this case, the presence of 2 acute angles. On the other
hand, not everyone accepts the same evidence: some very smple phenomena and for
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example those with great symmetry present themsalves as evident: but dong with Rouche
(1999) we must ask oursaves “what evident dements are there for each one?” and “what
evident dements ae most common?’ These evident dements are often supported by
something encountered before, an experience. Some phenomena which did not gppear
evident become so following certain gppropriate observations, congtructions or manipulations.
This consderation is the bass, moreover, for the search for the "limiting cases'(Barra,
Castednuovo, 2000), which are typicdly a culturd experience capable in many dtuations of
rendering evident properties which were doubted or hidden.

Discusson

We have observed that when faced with some technica difficulties rdating to the qudity of
the materids used or to their assembly in the construction of instruments, some students are
ready to give up on the instrument being accurate, thus reveding themsdaves not to have a
deep understanding of the concepts that the instrument brings with it. The emphasis placed on
"doing" isinthis case agreat help in leading reflection to the root of the concepts.

There is confirmation, aready in this phase of the research, of the usefulness of the laboratory
in "getting involved " as adults reflecting together on their learning, on how they do things
when faced with problems not dready known, to gain experience; to fed a easewhen using a
meaterid (a diagram, a gpeech, a written text, an object) in order to understand and observe
others who use it in a different way from their own; to gain experience through an
understanding of one sdifficulties.

The work, not only in the classroom but aso in meso space (for example in a square or near a
town monument), and even in greater gpaces where an ability to conceptualize is even more
necessary, leads the future teechers to reflection on the differences between this and the micro
space of the book or the unchanging space of the dassrooms (Lanciano, 1999), darting from
on€e' s perception and one' s capacity to know, in this case linked essentidly to geometry: such
activities, in which looking and moving are equally important, condtitute a setting which sets
in motion previoudy dormant capacities. This dso brings about a profound reflection on the
teaching-learning of geometry and on knowledge of space.
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